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We show that the electromagnetic superconductivity of vacuum in strong magnetic field back-
ground is consistent with the Vafa-Witten theorem because the charged vector meson condensates
lock relevant internal global symmetries of QCD with the electromagnetic gauge group.
PACS numbers: 13.40.-f, 12.38.-t, 74.90.+n
The Vafa-Witten (VW) theorem shows that vector-like
global symmetries (like isospin or baryon number) can-
not be spontaneously broken in vector-like theories (for
example, in QCD) with zero theta angle [1]. Accord-
ing to Ref. [2], a generalization of this theorem implies
that vector meson condensation cannot occur in QCD
vacuum in the background of a strong magnetic field be-
cause these condensates would inevitably break certain
internal global symmetries of QCD and, consequently,
lead to appearance of massless Nambu-Goldstone boson
associated with this symmetry breaking.
The presence of the charged vector condensates is
crucial for the magnetic-field-induced electromagnetic
superconductivity of vacuum which appears in certain
hadronic models coupled to electromagnetism [3]. A suf-
ficiently strong magnetic field, eB ∼ 1GeV2, may lead
to the condensation of the charged vector mesons
ρ±(x) = 〈ψ¯(x)γ±τ±ψ(x)〉 , (1)
where ψ = (u, d)T is the quark spinor in Dirac, color and
flavor space, γ± = (γ1 ± iγ2)/2 and τ± = (τ1 ± iτ2)/2
are combinations of the Dirac (spinor) and Pauli (flavor)
matrices, respectively. Below we demonstrate – contrary
to the statement of Ref. [2] – that the presence of the
nonvanishing condensates (1) in QCD in the magnetic
field background is consistent with the VW theorem.
The Lagrangian of two-flavor QCD in the background
of the electromagnetic field Aemµ reads as follows:
L = −
1
4
GaµνG
aµν − ψ¯(iγµDµ −m)ψ , (2)
where Gaµν is the strength tensor of the gluon field A
a
µ,
Dµ = ∂µ − igT
aAaµ − iqA
em
µ , (3)
is the covariant derivative, T a are generators of the
SU(3)c color group and
q =
e
2
(
τ3 +
1
3
)
, (4)
is the electric charge matrix acting in the flavor space.
For simplicity, the masses of up and down quarks are
taken to be the same, mu = md = m.
Due to the difference in electric charges of up and down
quarks (4), qu = 2e/3 and qd = −e/3, the group of the
internal continuous global symmetries of Lagrangian (2)
is explicitly broken by the background electromagnetic
field Aemµ :
SUV (2)× UB(1)→ U(1)I3 × U(1)B , (5)
where U(1)I3 is the diagonal subgroup of the isospin
group SU(2)V and U(1)B is the baryon number sym-
metry.
The internal local symmetries of Lagrangian (2) in-
clude the electromagnetic U(1)em gauge symmetry
U(1)em :
{
Aemµ (x) → A
em
µ (x) + ∂µωem(x)
ψ(x) → exp{iωem(x)q}ψ(x)
, (6)
and the color SU(3)c gauge symmetry. These local sym-
metries are not anomalously broken so that the fermion
determinant is invariant under the local SU(3)c×U(1)em
gauge group. The background magnetic field itself does
not break explicitly the electromagnetic gauge symme-
try (6) since the magnetic field is defined by a compo-
nent of the gauge invariant Abelian field strength tensor
F emµν = ∂µA
em
ν − ∂νA
em
µ . Thus the Abelian symmetry (6)
is the symmetry of QCD in the background of magnetic
field (2) regardless if the background magnetic field is a
quantized (dynamical) field or a classical (static) field.
The condensates (1) are obviously invariant under the
baryonic U(1)B transformations, ψ → e
iωBψ, while the
remaining global U(1)I3 group, ψ → e
iωI3τ3/2 ψ, trans-
forms the vector condensates (1) as follows:
U(1)I3 : ρ±(x)→ e
∓iωI3ρ±(x) . (7)
It was noted in Ref. [2] that a possible spontaneous
breaking of the U(1)I3 global symmetry (7) by the vec-
tor condensates (1) contradicts the VW theorem. The
spontaneous breaking of the global symmetry should give
rise to appearance of a massless Nambu-Goldstone bo-
son. However, the corresponding massless boson does
not emerge in the superconducting phase of QCD be-
cause the U(1)I3 global transformation (7) is, in fact, a
part of the larger, electromagnetic symmetry group (6):
U(1)em : ρ±(x)→ e
∓iωem(x)ρ±(x) . (8)
2Equation (8) reflects the trivial fact that the vector
quantities (1) are condensates of the electrically charged
particles, so that they are sensitive to the electromag-
netic U(1)em transformation (6) as well. Thus, the con-
densates (1) break the internal local symmetry (6) and
in this case the Nambu-Goldstone boson is known to be
absent [4] in agreement with the VW theorem [1]: the
would-be Nambu-Goldstone boson is absorbed into the
Abelian gauge field Aemµ thus making the photon massive
(as it happens in the ordinary superconductivity [4]).
Basically, the action (7) of the subgroup U(1)I3 of the
global SU(2)V group on the condensates (1) is identical
to (or, “locked with”) the action of a global subgroup of
the electromagnetic U(1)em gauge group (8) on the same
condensates.
Another argument against the breaking of the global
U(1)I3 internal symmetry in the superconducting phase
of QCD is as follows. The positive, ρ+, and negative,
ρ−, condensates (1) – which are, strictly speaking, in-
dependent quantities – appear simultaneously in the su-
perconducting phase of the vacuum. These condensates
have the same absolute values and opposite phases [3]
stressing the fact that the superconducting vacuum is an
electrically neutral state. Therefore, the vacuum state
is annihilated by the conserved electric charge operator.
Since the generators of the U(1)em and U(1)I3 groups
are the same modulo the global U(1)B baryon symmetry
(which is never broken anyway), the U(1)I3 charge op-
erator annihilates the vacuum state as well. The latter
fact highlights the absence of the breaking of the global
internal U(1)I3 symmetry in the superconducting QCD
phase.
As a side remark, it is worth mentioning that analyt-
ical derivations of Vafa-Witten-type theorems may con-
tain various technical loopholes which depend on par-
ticular physical circumstances. A similar Vafa-Witten
theorem on parity violating condensates [6], for exam-
ple, “cannot be regarded as an established mathematical
theorem” [7]. In other words, if under certain (external)
conditions the physical arguments allow for the presence
of certain “VW-forbidden” condensates then the analyt-
ical proof of the VW theorem turns out to be invalid due
to technical reasons related to specific features of these
physical conditions. The relevant examples related to fla-
vor and/or parity violating condensates are discussed in
the context of finite temperature QCD [8], lattice regu-
larized QCD with Wilson fermions [9], in QCD at finite
isospin potential [10] etc.
Finally, we would like to stress an important differ-
ence between spontaneous breaking of external and in-
ternal continuous symmetries1. The spectrum of the su-
perconducting phase of QCD should contain the mass-
less bosonic modes associated with breaking of certain
external (rather than internal) global symmetries of La-
grangian (2). These modes are related not to the fact of
the very presence of the superconducting condensates (1)
and not to the internal global symmetries of QCD, but
rather to the spatial (“external”) inhomogeneities of the
condensates (1) in the superconducting ground state of
the theory. The inhomogeneous condensates possess
the vortex lattice structure which breaks spontaneously
translational and rotational symmetries of the vacuum [3]
in a complete analogy with the mixed Abrikosov phase
of the type–II superconductors [4, 5]. The spontaneous
breaking of these external symmetries leads to appear-
ance of the so called “supersoft Goldstone shear modes”
related to vibrations of the vortex lattice in the ground
state of the theory [5].
Summarizing, we have shown that the electromagnetic
superconductivity of vacuum in strong magnetic field
background is consistent with the Vafa-Witten theorem.
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